The effects of long-and short-range correlations on the charge distributions of some medium and heavy nuclei are investigated. The long-range correlations are treated within the Random Phase Approximation framework and the short-range correlations with a model inspired to the Correlation Basis Function theory. The two type of correlations produce effects of the same order of magnitude. A comparison with the empirical charge distribution difference between
Introduction
The high precision of modern electron scattering experiments imposes severe constraints to nuclear models and theories. The study of the charge density distributions of medium and heavy nuclei by means of elastic electron scattering has allowed for a detail test of the capacities of the independent particle model (IPM) to describe the nuclear ground state [1] .
In the IPM the motion of each nucleon inside the nucleus is not affected by the presence of the other nucleons. The corrections beyond this picture take the generic name of correlations. The sources of correlations can be generically classified in two categories. The so called short-range correlations (SRC) are generated by the hard core repulsion of the nucleon-nucleon interaction which prohibits two nucleons to come too close to each other. The long-range correlations (LRC) are produced by collective excitation modes of the nucleus originated by the part of the nuclear hamiltonian neglected by the IPM.
This separation in long-and short-range correlation is an artifact of our approach to nuclear structure usually starting from an IPM basis. Exact solutions of the many-body Schrödinger equation, [2, 3] take automatically into account both kinds of correlations independently from their classification. When approximate or effective theories are used, the role of one or the other kind of correlation can be emphasized. The results recently obtained with Fermi Hypernetted Chain (FHNC) techniques in doubly magic nuclei shows the lack of some correlation effects [4, 5, 6] , probably LRC. The aim of this article is to estimate the size of the effects of both kind of correlations on the charge density distributions of some medium and heavy nuclei.
We estimate the LRC within a Random Phase Approximation (RPA) approach, and the SRC effects by using a first order expansion model based on the Correlated Basis Function (CBF) theory. We analyze both the quantitative and qualitative differences between the effects of the two types of correlations. The inclusion of both of them is necessary to describe the charge distribution difference between 206 Pb and 205 Tl. The main message of our work is that, in medium heavy nuclei, the two kind of correlations produce equally important effects beyond the IPM.
The plan of the work is the following one. We briefly present in sects. 2 and 3 the theoretical background of our treatment of the correlations. In sect. 4 we first make a detailed description of the inputs of our calculations, then we present our results on the charge distributions of 16 O, 40 Ca and 208 Pb. At the end of the section we show our results regarding the charge distribution differences between the above mentioned nuclei and their isotone partners with one proton less. Finally we calculate the charge density difference between the open shell nuclei 206 Pb and 205 Tl and we compare it with the empirical one. In sect. 5 we summarize our work and draw our conclusions.
Long Range Correlations
The RPA many-body states are defined as:
and the operator Q N satisfies the equations of motions
for all the possible variations δQ N . In the above equations we have indicated with H the nuclear hamiltonian, with [, ] the commutator and with ω N the excitation energy. The RPA theory uses:
where a † and a are the creation and destruction operators respectively. The X ph (N ) and Y ph (N ) amplitudes are real numbers and are obtained by solving the RPA equations.
We are interested in evaluating the mean value of one-body operators on the RPA ground state defined by eq. (2). In a second quantization language this can be written as:
where we have indicated with |µ > a single particle (s.p.) wave function generated by the mean field basis. The matrix element < Ψ 0 (RP A)|a † µ a µ ′ |Ψ 0 (RP A) > is evaluated as described in references [7, 8] and we obtain the result:
where we have indicated with p and h the particle and hole states respectively. The operator defining the occupation number of a s.p. state µ is:
where α = p, h in the sums of eq. (6) . The modifications of the occupation numbers produced by RPA correlations has been studied in reference [8] . In this reference also the contribution of higher order excitations has been evaluated by means of a Second RPA calculation. We are interested in the charge operator:
with τ 3 (i) = ±1 if the particle i is a proton or a neutron respectively. All our calculations are done in a j-j coupled spherical basis. This means that the s.p. wave functions are expressed as:
where we have indicated with < | > the Clebsch-Gordan coefficients, with Y l,µ ( r) the spherical harmonics, with χ s the spin wave function and with t the third component of the isospin. Using the angular momentum coupled RPA equations and the expression (9) for the s.p. states, we obtain the following expression for the charge density distribution of a doubly-closed shell nucleus:
where p and h indicate particle and hole states respectively limiting the range of the sums. In our calculations the sums on p and h are restricted only to proton states. We neglect the contribution of the neutrons to the charge distribution. In the IPM the Y ph (J, N ) amplitudes are zero and eq. (10) gives the well known expression of ρ IP M . In this article we calculate also the charge distributions of nuclei with one proton less than the doubly magic ones. This is done within Landau-Migdal theory [9] which allows to calculate the difference between expectation values of operators in doubly magic nuclei and nuclei with one nucleon less (or more). The formalism has been widely used to calculate magnetic moments of nuclei around 208 Pb [10] and it has A B C D Figure 1 : Cluster diagrams contributing to the one-body density. The dashed lines represent the dynamical correlations, h p , and the oriented lines the statistical correlations, ρ 0 (r i , r j ). A black dot associated with a point implies integration over its coordinates.
been extended in references [11, 12] to the calculation of the charge distributions. The basic equation to be used to evaluate this difference is:
In the above equation V indicates the residual interaction used in RPA calculations, ǫ the s.p. energy, ω N the RPA excitation energy of the N-th state and |i > and |k > the s.p. states characterizing the transition in the A-1 system within the IPM. To calculate the difference between ground state charge distribution we consider J=0 and the fact that |i > = |k > is the last occupied proton s.p. level just below the Fermi surface.
Short Range Correlations
We evaluate the effects of SRC on the ground state charge distribution by using the approach of references [13, 14] . The starting point is the following ansatz on the ground state:
where we have indicated with Φ 0 the Slater determinant of s.p. states. The correlation operator is written as a symmetrized product of two-body operators:
The expression of F ij used in the most sophisticated calculations, both in nuclear matter and in finite nuclear systems, F ij has the form:
where O p=1,6 ij
In the above equations we have indicated with S ij = (3r ij · σ irij · σ j − σ i · σ j ) the tensor operator.
The expectation value of a generic operator O is:
In CBF theory the ground state is found through the minimization of the hamiltonian expectation value. The search for this minimum involves variations on the parameters of the correlation functions f p and of the mean field potential defining the s.p. basis.
The charge distribution is obtained by inserting in eq.(16) the charge density operator (8) . We found convenient to rewrite the correlation function (13) as:
where we have defined
The expectation value is evaluated with standard cluster expansions techniques [15] which allow us to express it as infinite sum of linked diagrams. The unlinked terms of the numerators are canceled by the denominator.
At this point we introduce an approximation. We evaluate only those diagrams containing a single correlation function h p . The diagrams considered are shown in figure 1. It is evident from Eq. (17) that the first term of our calculation is the IPM density which is already properly normalized. This implies that in the normalization procedure the contribution of all the correlation diagrams should vanish. It is shown in reference [13] that the set of diagrams of figure 1 provides the correct normalization of the density.
The validity of our approximation in calculating the charge distribution has been studied in reference [13] by comparing the results of the model with those of a Fermi Hypernetted Chain calculation. A test of the approximation in the evaluation of the nuclear matter charge responses has been done in reference [16] . More recently [6] the approximation has been tested in the evaluation of the one-body densities and the natural orbits. The conclusion of these investigations is that the approximation is reliable. This is probably related to the fact that the charge operator is a relatively simple one-body operator, therefore not very sensitive to the fine details of the many-body wave function.
The calculation of the correlated density is carried on by expanding the correlation function (17) in terms of Legendre polynomials. This facilitates the calculation in the spherical basis of the s.p. wave functions (9) . Details are given in reference [13] .
Applications

The input
We have conducted our study in three different mass regions located around the doubly magic nuclei 16 O, 40 Ca and 208 Pb. In our calculations we used the same set of s.p. wavefunctions for evaluating both LRC and SRC effects. These wavefunctions have been generated by diagonalizing a Woods-Saxon potential in a harmonic oscillator basis. This procedure automatically discretizes the continuum. In the RPA calculations we used configuration spaces considering all the states below the Fermi surface and three major shells above it. We found good convergence of our calculations when multipole excitations up to J=10 were used. The parameters of the potential we have adopted are taken form the literature [17, 18] and have also been used in the FHNC calculations of reference [19] , where j-j coupling and isospin dependence of the s.p. wave functions were considered. We obtained the charge distribution by folding the pointlike proton distributions with the nucleon electromagnetic form factors of reference [20] .
The RPA calculations used to evaluate the LRC effects require an additional input: the particle-hole interaction. We have tested the sensitivity of our results to the choice of this input by using two different types of interaction. A first one is a Landau-Migdal (LM) contact interaction of the form:
The experience of RPA calculations in the Pb region [10] has shown the need of imposing a density dependence to the scalar and isospin parameters f 0 and f ′ 0 parameters. As suggested in reference [17] for these two channels we use the expression:
where α and R F are two free parameters. The factor C 0 represents the inverse of the density of states at the Fermi surface and we consider it as a free parameter used to set the full strength of the force. The second RPA interaction is the finite range Jülich-Stony Brook (JSB) force [21] , obtained by adding to the zero range piece of Landau-Migdal type, the contribution of one-pion plus one-rho meson exchange potentials. This is a finite range interaction and in the discrete excitation spectrum is necessary to obtain a good description of the magnetic excitations [22] .
The values of the parameters used in our calculations are given in table 1. The parameters of the delta interaction are those of reference [17] [4] and the long dashed lines by using only the central term of this correlation. The gaussian correlation of reference [19] produces the short dashed lines.
In figure 2 we show the differences between the IPM charge distributions and those calculated considering the LRC evaluated with the two interactions. We can see that the densities calculated with the Landau-Migdal and the Jülich-Stony Brook interactions are very similar. The differences between the results obtained with the two forces are within the accuracy of the data.
In our model, the input required to evaluate the SCR effects are the correlation functions of eq. (17) . In variational calculations these functions, together with the s.p. wave functions, are determined by the minimization procedure. In the calculations of reference [19] where the semi-realistic nucleon-nucleon S3 interaction [24] has been used simple scalar correlation functions were required. In our calculations we have considered the gaussian correlations of reference [19] . Their expression is:
and the parameters A and B have been fixed by the minimization procedure. It has been shown in reference [19] that, for a fixed nucleon-nucleon interaction, the correlation functions are almost the same for every nucleus considered. The obtained values of the two parameters were A=0.7 and B=2.2 fm −2 . The differences between IPM charge distributions and those calculated with this correlation function are given by the short dashed-lines of figure 3 .
We studied the effects of the state dependent terms of the correlation function by using the correlations defined by the FHNC calculations of reference [4] . In this reference the realistic V8' nucleon-nucleon interaction plus the Urbana IX three-nucleon interaction [2] have been used. The difference between IPM charge distributions and those obtained with this correlation functions are presented in figure 3 by the full lines. We performed calculations switching off the state dependent part of the correlations and we used only the scalar part. The results of these calculations are given by the long dashed lines of figure 3. When the state dependent part of the correlation is switched off we essentially reproduce the curves obtained with the gaussian correlation. The contribution of the state dependent correlations diminish the difference with the IPM results. These results confirm the findings of references [6, 13, 14] .
In the calculations we shall discuss in the next sub-sections we shall refer to the LRC calculations as those done with the Jülich-Stony Brook interaction and to the SRC as those done with the full state dependent correlation of reference [4] .
Doubly magic nuclei
The IPM charge distributions of 16 O, 40 Ca and 208 Pb are compared in figure 4 with those obtained after the inclusion of the correlations. The effects produced by both kind of correlations are analogous. The charge distribution is lowered in the center of the nucleus and this implies an increase of the rms charge radii as it is shown in Table 2 : Root mean square charge radii in fm.
The correlations change the occupation probability of the s.p. states with respect to those of the IPM. For the LRC we calculated the occupation probabilities by evaluating the expectation values of the operator defined in Eq. (7). The results are shown in figure 5 where we observe that the main changes are around the Fermi surface.
Our LRC correlations produce slightly stronger effects than those found by Gogny [25] , whose results are shown by the white dots in the 208 Pb panel of figure 5 . Our LRC effects are strong also in comparison with those of the RPA calculations of reference [8] done in the 40 Ca nucleus. These differences are due to the different interactions and s.p. bases used. In the LRC calculations the change of the occupation probability is due to the coupling of the s.p. level with the collective excitation of the nucleus. This is clearly shown in figure 6 where the occupation probabilities of the two s.p. levels just below and above the Fermi surface are shown as a function of the multipole excitation. It is evident that the occupation probability is strongly modified in correspondence to the 3 − states. The dashed lines show the result of a calculation when the lowest collective 3 − state is not considered.
The SRC correlations produce analogous effects on the occupation probabilities of the s.p. levels. An evaluation of these modifications is not straightforward as in the case of LRC since in the CBF calculations the quantities used are the one-and two-body densities and not the s.p. wave functions. We have calculated the one-body densities for the three nuclei considered within our first order correlation model by using the multipole decomposition technique described in references [13, 14] . We projected the l multipole term ρ l (r 1 , r 2 ) of the one-body density matrix on the s.p. basis by calculating
The occupation numbers for the s waves obtained with this procedure are compared in table 3 with the LRC ones. In our calculation the LRC are more effective in lowering the occupation probability of the valence states than the SRC. Table 3 : Occupation probability of the s states.
We obtained for the occupation probability of the 3s1/2 state of 208 Pb the value of 0.74, which is slightly larger than the 0.6 extracted from the (e,e'p) data of ref. [26] even though recent DWBA reanalysis obtained a value of 0.7 [27] . The nuclear matter studies of SRC and LRC of the occupation probability predict values around 0.8 [28, 29] . As expected our value is lower than this since we also include surface vibrations.
Semi-magic nuclei
We have calculated the differences between the charge distributions of isotones differing by one proton only, since we expect this quantity to be less dependent from the choice of the s.p. wave functions than the full charge distribution. The results of these calculations for the three pairs of isotones considered are shown in figure 7 . The IPM results correspond to the square of the s.p. wave function of the least bound proton state. They are the 1p 1/2 , 1d 3/2 and 3s 1/2 s.p. states for the 16 O, 40 Ca and 208 Pb nuclei respectively. The shape of the curves shown in the figure reproduce the known behaviour of these s.p. wave functions. Only the s wave is peaked in the center of the nucleus, the other ones have their maxima at larger distances.
With respect to the IPM results, the correlations diminish the difference in the central part of the nucleus and tends to shift the charge in the external regions. In the 16 O-15 N and 40 Ca-39 K systems this effect produces a shift of the maxima. In the 208 Pb-207 Tl system the inclusion of the correlations lowers the difference in the center of the nucleus. As in the case of the doubly magic nuclei short and long range correlations produce effects of the same order of magnitude.
The interest in the calculation of these charge differences is related to the existence of experimental data in the lead region. In a single experiment [1, 30] [1, 30] . the charge distributions of these two nuclei has been extracted. In the center of the nucleus the IPM predicts a larger charge difference than the one deduced by the experimental data.
A direct comparison between the differences shown in the lowest panel of figure 7 [12] . The ground state of 205 Tl is described as:
where we considered α 1 =0.86, α 2 =-0.47, α 3 =0.30, obtained in reference [31] using first order perturbation theory with a δ interaction. The 0 + and 2 + states of the 206 Pb are obtained as linear combination of twohole wave functions in the closed neutron core of 208 Pb [32] . We use the hole-hole amplitudes calculated in reference [33] within a Tamm-Dankoff Approximation. The ground state amplitudes are rather similar to those given in reference [23] where we have indicated with ∆ the difference between the charge densities of the two nuclei indicated in the upper index. The total difference evaluated in this way is compared in figure 8 with the empirical one. The inclusion of both long and short range correlations greatly improves the agreement with the experiment. In the lower panel we show the differences multiplied by r 2 to emphasize the comparison at large values of the nuclear radius. Also in this region the inclusion of both correlations improves the agreement.
Summary and Conclusions
We have calculated the effects of long and short-range correlations on the charge distribution of some doubly magic nuclei. The SRC have been treated in the framework of the Correlated Basis Function theory. We use a first order model in the correlation function. The correlations have been taken from FHNC calculations done with realistic interaction. The LRC correlations have been treated within a RPA framework. In this case we used an effective interaction whose parameters have been fixed to reproduce the 208 Pb low-energy excitation spectrum. We have seen that long-and short-range correlations produce similar effects on the charge distributions. In both cases the IPM distributions are lowered in the center of the nucleus and, as a consequence, the rms radii increase. In terms of s.p. occupation numbers this effect is produced because both kinds of correlations decrease the occupation of the hole states and increase that of the particle states. We have shown that in all the nuclei considered the link between s.p. levels and collective low-lying 3 − state is one of the major sources of modification of the occupation number.
The charge differences with nuclei having one proton less have been calculated in order to compare our results with the measured empirical difference in the Pb region. Also on the charge difference the two kind of correlations produce similar results. Also in this case the correlations tend to diminish the Our calculations do not treat LRC and SRC on the same ground. A mixing of ingredients taken from fundamental theory, the correlation functions, and effective theory, the RPA correlations, has been used in our calculations. In all our work the choice of s.p. wave functions is essential. The sets of s.p. states we have used have been taken from the literature and the parameters of the mean field used to generate them have been fixed to reproduce at best the s.p. energies of the valence states around the Fermi level, and the charge distributions. For this reason we did not make a comparison between our charge distributions and the experimental ones. Since the IPM densities are already reproducing rather well the empirical ones, the inclusion of correlations worsen the agreement with the experiment.
It is sufficient a small change in the mean field parameters to obtain a set of s.p. states which can reproduce the empirical densities after the inclusion of the correlations. We have done that for 208 Pb where we have changed the Woods-Saxon depth V 0 from 60.4 MeV to 62.0 MeV and the radius from 7.46 fm to 7.4 fm. The results obtained with this new set of s.p. wave functions are shown in figure 9 . In the upper panel we compare 208 Pb charge densities with the empirical one [34] . In the lower panel we show that even with the new set of s.p. states the charge density difference between 206 Pb and 205 Tl is well reproduced.
In the upper panel of figure 10 we compare with the data of ref. [35] the electron scattering elastic cross sections calculated within the Distorted Wave Born Approximation by using the densities of the previous figure. The dashed-dotted line obtained by including both SRC and LRC reproduces better the data than the IPM density (full line). In the lower panel we compare our results with the ratio of the elastic cross sections measured on 206 Pb and 205 Tl targets [1] . Also in this case the line better reproducing the data is the dashed-dotted one obtained by including all the correlation effects.
We have presented these results to show that we would be able to describe the empirical densities with small changes of the mean field parameters. This was not the goal of our work. We simply wanted to investigate the relative role played by long and short range correlations, and we found that they should be simultaneously considered in order to obtain a successful description of the empirical densities. This is our main message.
The facts triggering our investigation are related to the difficulties found by recent CBF variational calculations [4] in reproducing the experimental binding energies and charge distributions of some doubly closed shell nuclei. These microscopic calculations, depending only from the realistic nucleon-nucleon interaction, provide a good description of the SRC. Our work adds another piece of evidence that the adequate treatment of the LRC is the missing ingredient. Hopefully, perturbative corrections, like those developed in in references [36, 37] for nuclear matter, could provide the required description of the LRC.
